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An analysis is made for determination of the number of eigenvalues 

and the eigenvalue density of conical shells over a wide range of cone 

geometries. The Galerkin method is used to determine a frequency 

equation. Values predicted by this closed form solution show favorable 

agreement with experimental results available in the literature. The 

frequency equation is then expressed in terms of wave numbers and the 

k-space geometry is obtained. A numerical integration procedure for 

determination of the cumulative number of modes from the k-space is 

developed. A comparison is made of values obtained from an actual count 

of the eigenvalues predicted by the frequency equation and this procedure 

shows a high degree of correlation with the k-space integration technique, 

Using finite differences in conjunction with the k-space integration, 

the eigenvalue density is obtained, The influence of variations in cone 

angle, thickness, and truncation are found to be significant. The results 

of the study are normalized with respect to geometric parameters and 

expressions covering a wide range of configurations are presented in 

graphical form. 



INTRODUCTION 

The problem of de te rmin ing  t h e  e i g e n v a l u e s  of an  e l a s t i c  s h e l l  con- 

t a i n e d  i n  a g iven  f requency  domain can be d i v i d e d  i n t o  s e v e r a l  p a r t s .  

F i r s t ,  t h e  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  s h e l l  i n  q u e s t i o n  must be deve l -  

oped [ I ] .  Secondly,  t h e  d i f f e r e n t i a l  e q u a t i o n s  must be  handled i n  such  

a way t h a t  a n  e x p l i c i t  f r equency  e q u a t i o n  i s  ob ta ined  f o r  t h e  s h e l l .  I n  

t h e  c a s e  of t h e  c o n i c a l  s h e l l  t h i s  h a s  been done [ 2 ]  u s i n g  t h e  G a l e r k i n  

method i n  c o n j u n c t i o n  w i t h  a f i r s t  o r d e r  s e r i e s  e x p r e s s i o n  f o r  t h e  normal 

d i sp lacement  and t h e  stress f u n c t i o n  which occur  as t h e  dependent  v a r i -  

a b l e s  i n  t h e  d i f f e r e n t i a l  e q u a t i o n s .  F i n a l l y  u s i n g  t h e  f requency  equa- 

t i o n ,  t h e  e x p r e s s i o n  f o r  t h e  number of e i g e n v a l u e s  and t h e n  t h e  modal 

d e n s i t y  must be  developed.  

The t echn ique  used i n  t h i s  paper  f o r  t h e  d e t e r m i n a t i o n  of t h e  

e i g e n v a l u e s  con ta ined  i n  a g i v e n  f requency i n t e r v a l  is  t h e  k-space i n t e -  

g r a t i o n  t echn ique  [ 3 ] .  The techn ique  h a s  been used s u c c e s s f u l l y  i n  t h e  

i n v e s t i g a t i o n  of s e v e r a l  o t h e r  s h e l l  geomet r ies  [ 4 , 5 , 6 ] .  

It should be p o i n t e d  o u t  t h a t  s i n c e  t h e  f requency  e q u a t i o n  used [ 2 ]  

i n  t h i s  paper  i s  approximate ,  v a l u e s  p r e d i c t e d  were checked a g a i n s t  

e x p e r i m e n t a l  v a l u e s  recorded  i n  t h e  l i t e r a t u r e  [ 7 ] ,  and f a v o r a b l e  agree -  

ment was o b t a i n e d .  

THEORETICAL DEVELOPMENT 

The d i f f e r e n t i a l  e q u a t i o n s  used t o  o b t a i n  a f requency  e q u a t i o n  p re -  

s e n t e d  i n  Reference [ 2 ]  a r e  a s  f o l l o w s :  

1 m + 1 
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where .$ i s  t h e  stress f u n c t i o n  and u~ i s  r h e  normal d i sp lacement .  

The developmerlt of r h e s e  e q u a t i o n s  i s  based on emeensional  v i b r a -  

t i o n s  of t h e  c o n i c a l  s h e l l .  I t  i s  a l s o  assumed t h a t  t h e  mode shapes  

a r e  a x i a l l y  symmerric and t h a t  l o n g i t u d i n a l  bending i s  s m a l l  when com- 

pared w i t h  c i r c u m f e r e n t i a l  bending.  These e q u a t i o n s  may be so lved  [ 2 ]  

by u s e  of t h e  G a l e r k i n  method t o  o b t a i n  a  f requency  e q u a t i o n  of t h e  

form 

W 
2  

m 4 (1-al) - (1-0 3, 3 ( l -a l )  
4 2  

+ 
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4 
an 

I n t r o d u c i n g  t h e  d i m e n s i o n l e s s  f requency  parameter  A, and t h e  

l o n g i t u d i n a l  and c i r c u m f e r e n t i a l  wave numbers k and k r e s p e c t i v e l y ,  
1 2  

e q u a t i o n  (2 

x2 

) may be  w r i t t e n  i n  t h e  form 

where 

- hL 2  
C1 - 2  2 

C* = c o t  * 
12 L (1-v ) 

The number of e i g e n v a l u e s  may be expressed a s  t h e  double  i n t e g r a l ,  

i n  t h e  c a s e  of s h e l l s ,  over  t h e  s o  c a l l e d  k-space o r  wave number space  



4 

d e f i n e d  by   he f r e q i l e n ~ y  equarlon r l  [-he s h e l l  131, T h e r e t o r e  t h e  number 

of e l g e n v z l u e s  (8) may be Wa i t ~ t n  Ln chc  focm: 

I n s e r t i n g  t h e  a p p r o p r l a c e  v a l u e s  f o r  Ak and Ak2, r e a r r a n g i n g  terms 1 

and i n t e g r a t i n g  once e q u a t l o n  ( 4 )  becomes 

I n  t h e  r e l a t i o n s h i p  g iven  by e q u a t i o n  (5) i t  should be  no ted  that 

lc i s  a f u n c t i o n  of b o t h  k and A. The f u n c t i o n a l  dependence invo lved  
2 1 

i s  ob ta ined  from t h e  f requency  e q u a t i o n .  

Rearranging terms and c o l l e e t f n g  powers s f  k i n  e q u a t i o n  ( 3 )  i t  
2 

i s  found t h a t  t h e  f requency e q u a t i o n  i s  a  s imple  q u a d r a t i c  i n  powers of 

4 
k2 . There fore  k2 may be  expressed  e x p l i c i t l y  a s  a f u n c t i o n  of kl  and 

A i n  t h e  f o l l o w i n g  form, 
CI P 

-_---------. 

where 

Sufixc~eni ~ . n 2 o r m a ~ ~ u n  i s  1 1 0 ~ 3  a v a i l d b l e  t o  d e s c i i b e  [-he geometiy of 

 he wave number space,  Ln eqaac ion  ( 6 )  che  p o s i t l v e  and n e g a ~ i v e  s q u a r e  

r o o r s  l n d l c a t e d  gxve t h e  r ipper  and Power bound of t h e  s p a c e  respec.crvely .  



Frgure  I shows a r y p i c a l  k-space for an opeli or txuncared cone wich h as 

a  pa ramete r ,  and F i g u r e  2 shows a t y p i c a l  k-space t o r  a c l o s e d  cone w i t h  

X a g a i n  as t h e  pa ramete r .  

By e q u a t i n g  t h e  upper and lower bounds of t h e  I<-space g i v e n  by equa- 

t i o n  ( 6 )  t h e  l i m i t s  of t h e  space  may be  found a s  f u n c t i o n s  of t h e  dimen- 

s i o n l e s s  f requency  h .  The r e s u l t f n g  e x p r e s s i o n  i s  a c u b i c  in k 
2 

1 '  

where 

The s o l u t i o n  of t h i s  c u b i c  e q u a t i o n  i n  t h e  c a s e  of t h e  t y p i c a l  open 

cone geometry (F igure  1) y i e l d s  t h r e e  r e a l  r o o t s ,  and t h e  s o l u t i o n  i n  t h e  

c a s e  of t h e  t y p i c a l  c l o s e d  cone geometry ( F i g u r e  2 )  y i e l d s  one r e a l  r o o t  

and two imaginary r o o t s .  I n  t h e  l a t t e r  c a s e  t h e  r e a l  p a r t  of t h e  imaginary 

r o o t s  correspond t o  t h e  v a l u e  of k where t h e  upper and lower bounds a r e  
1 

a t  a  minimum. 

NUMERICAL EVALUATION 

The evalrsacion of "Llc fntegglal  was accotnplrsfled ussng  nismerical 

7 'n tegracion techniques w i t h  t h e  i n t e g r a l  ~n t h e  follo~rL?.ig fo rm,  



I n  equa,ion ( 9 )  and - b r e p r e s e n t  t h e  upper and lower bounds of  he 

k-space rs de-iermined by t h e  s o l u t i o n  of e q u a t l o n  ( 7 ) ,  a l s o  accomplished 

by numer ica l  t e c h n i q u e s ,  I n  t h e  c a s e  of t h e  t y p l c a l  t r u n c a t e d  cone - b  

i s  t h e  l a r g e s t  r e a l  r o o t  o b ~ a i n e d ,  and - a  i s  t h e  second l a r g e s t .  I n  t h e  

c a s e  of t h e  t y p i c a l  c l o s e d  cone,  - b 1s t h e  one r e a l  c o o t ,  and - a  i s  t h e  

r e a l  p a r t  of e l t h e r  lmaglnary r o o t .  T h l s  t h e n  cor responds  t o  i n t e g r a t i o n  

over  t h e  c l o s e d  por txon  of t h e  k-space o r  over  t h e  n e a r l y  c l o s e d  p o r t i o n .  

The numer ica l  evalua.t ion was conducted f o r  a  v a r i e t y  of cone geome- 

t r i e s  so  t h a t  e f f e c t s  of cone a n g l e ,  s h e l l  t h i c k n e s s ,  and d e g r e e  of 

t r u n c a t i o n  could  b e  examined. Values  of N cor responding  t o  numerous 

v a l u e s  of A were c a l c u l a t e d  s o  t h e  r e l a t i o n s h i p  of N t o  A cou ld  b e  

p l o t t e d  f o r  each  cone examined. F i g u r e s  3 through 5 show t h e  r e s u l t s  

of t h e s e  c a l c u l a t i o n s .  

C a r e f u l  s t u d y  of F i g u r e s  3 through 5 i n d i c a t e d  t h a t  t h e  dimension- 

l e s s  number of modes 
' ) v a r i e s  w i t h  changes i n  cone 

a n g l e  d i r e c t l y  a s  ( t a n  +) 'I2,  w i t h  changes  i n  t h i c k n e s s  i n v e r s e l y  a s  

h  
- and w i t h  changes  i n  t r u n c a t i o n  i n v e r s e l y  a s  (1-o Hence t h e  
L '  1 

number of modes may be  normal ized i n  che f o l l o w i n g  manner. 

71 

s i n  ji ( 1 -a  ) 
= f  ( A )  

1 

P i g u r e s  6 tnrough 8 show g r a p h i c a l l y  t h e  r e s u l t s  of t h i s  normal- 

i z a t i o n  p roceddre .  Examinatjon of t h e  f x g u r e s  s n d i c a t e s  t h a t ,  w i t h  t h e  

e x c e p t i o n  of v a r l d t i o n s  neas t h e  f i r s t  tew modes (N " 1 )  , f  ( A )  i s  

independent  of che geometry of t h e  cone and i s  a  f u n c t i o n  of o n l y  t h e  

d imens ion less  f r e q u e n c y ,  



Ussng f i n i t e  d i f f e r e n c e  t echn iques  on r h e  re sub^ of t h e  k-space 

i n r e g r a t i o n  i n  o r d e r  K O  o b t a i n  tlte d e n s l t y  of modes wsth r e s p e c t  t o  

f requency,  a  g r a p h i c  r e p r e s e n ~ a t i o n  of t h z  modal d e n s i t y  (n = d N / d ~ )  

i s  o b t a i n e d .  The normal ized r e s u l t s  of t h e s e  c a l c u l a t i o n s  a r e  p r e s e n t e d  

i n  F i g u r e s  9 th rough  l1 i n  t h e  f o l l o w i n g  torm. 

With t h e  e x c e p t i o n  of s m a l l  v a r i a t i o n s  i n  t h e  v i c i n i t y  of v a l u e s  

a s s o c i a t e d  w i t h  N " 1, F(A) i s  a l s o  independent  of geometry,  a s  was 

f ( h ) .  

S i n c e  t h e  k-space i n t e g r a t i o n  p r e s e n t e d  i n  t h i s  paper a v o i d s  t h e  

p o r t i o n  of t h e  s p a c e  n e a r  k  = 0 t h e r e  i s  some q u e s t i o n  a s  t o  t h e  1 

v a l i d i t y  of t h e  r e s u l t s .  I n  o r d e r  t o  p r o v i d e  a  check of t h e  work pre-  

s e n t e d  h e r e  t h e  f o l l o w i n g  numer ica l  check was used.  Using e q u a t i o n  ( 2 ) ,  

a v e r y  l a r g e  number of f r e q u e n c i e s  were c a l c u l a t e d  and t h e  number 

o c c u r r i n g  below c e r t a i n  d imens ion less  f r e q u e n c i e s  was ob ta ined  and 

normal ized.  The wave numbers n  and m were i n c r e a s e d  u n t i l  no f u r t h e r  

i n c r e a s e  i n  t h e  count  was o b t a i n e d .  The r e s u l t s  of t h e s e  computat ions  

were i n  e x c e l l e n t  agreement w i t h  t h e  k-space i n t e g r a t i o n  r e s u l t s .  Hence 

t h e  omiss ion of a  p o r t i o n  of t h e  k-space i n  t h i s  c a s e  seems t o  be  Q u s t i -  

f i a b l e .  It shou ld  be po in ted  o u t  t h a t  t h e  p o r t i o n  n e g l e c t e d  was unbounded. 

CONCLUSIONS 

The number of e i g e n v a l u e s  and t h e  e i g e n v a l u e  d e n s i t y  have been o b t a i n e d  

on t h e  b a s e s  af t h e  f requency  equacion preseneed i n  t h s s  paper .  R e s u l t s  

have been normal ized and p r e s e n t e d  i n  g r a p h i c a l  form a s  independent  of 



cone geometry. Approximate numerical expressions f o r  che number of 

e igenvalues  and t h e  eigenvalue d e n s i t y  a r e  given by,  



DEFINITION OF TERMS 

E = Youngs modulus of shell material 

h = Thickness of shell 

a = Dimensionless coordinate = x/L 

m = Number of waves in circumferential direction m = 2, 3, 4 . . . . 
$ = l/2 included cone angle 

= Stress function 

w = Normal displacement 

D 
3 2 

= Shell stiffness = Eh 112 (1 - v ) 

Y = Density of shell 

L = Length of shell (slant length to cone apex) 

w = Frequency of vibration 

A = Dimensionless frequency 

kl = Longitudinal wave number 

k2 = Circumferential wave number 

N = Number of eigenvalues or modes 

rl = Density of eigenvalue or modal density 

n = Number of longitudinal half waves n = 1, 2, 3 . . . 
v = Poisions ratio 

a 
1 

= Dimensionless truncation. Lt/L 

Lt = Truncation length (slant length from top of cone to apex) 

x = Coordinate along shell surface 
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F I G U R E  I. CIRCUMFERENTIAL W A V E  NUMBER (k2 )  VERSUS 
L O N G I T U D I N A L  WAVE N U M B E R  ( k t ) ,  P A R A M E T E R  )a 



FIGURE 2. CIRCUMFERENTIAL WAVE NUMBER ( k 2 )  VERSUS 
LONGITUDINAL WAVE N U M B E R  ( k ,  ), PARAMETER 



S I N  

FIGURE 3. NUMBER OF MODES VERSUS DIMENSIONLESS FREQUENCY 

WITH ANGLE ( $ )  AS TEE PARAMETER 



FIGURE 4 .  NUMBER OF MODES VERSUS DiMENSIONLESS FREQUENCY 

W!TH THICKNESS RAT!O ! h / ~ )  A S  THE PARAMETER 



FIGURE 5. NUMBER OF MODES VERSUS DIMENSIONLESS FREQUENCY 

WITH 'fRhlNCAT1BtM R A T I O  ( a , )  A S  T H E  P A R A M E T E R  



N l o  
(NORMAL. ) 

- * - - - - -  INDICATES N ( 2 

F I G U R E  6. N O R M A L I Z E D  N U M B E R  O F  MODES VERSUS DIMENSIONLESS 

FREQUENCY W I T H  CONE ANGLE AS T H E  P A R A M E T E R  



X 

F I G U R E  7. NORMALIZED N U M B E R  OF MODES VERSUS DIMENSIONLESS 
FREQUENCY WITH THICKNESS R A T I O  A S  THE PARAMETER 



F I G U R E  8. NORMALIZED N U M B E R  O F  MODES VERSUS D I M E N S I O N L E S S  

FREQUENCY W I T H  TRUNCATIQI \ I  R A T I O  AS T H E  PARAMETER 



a, = 0.333 

------ - --  INDICATES N < 2 

FBGU R E  9. DENSITY OF MODES (NORMALIZED) VERSUS DIMENSION LESS FREQUENCY WIT14  C O M E  

ANGLE AS T H E  PARAMETER 



FIGURE 10. DENSITY  OF MODES ( N O R M A L I Z E D )  VERSUS D I M E N S I O N L E S S  FREQUENCY W I T H  

T H E  T H I C K N E S S  R A T I O  A S  T H E  P A R A M E T E R  
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a ,  = 0.0 - 0.667 

n 
(NORMAI-IZE D) 

1.0 

L = 3 6 "  

h =0 .06 "  

----- ---- INDICATES N <  2 

0.2 

LOO 

FIGURE I I .  DENSITY OF MODES (NORMALIZED)  VERSUS DIM ENSIONLESS FREQUENCY W l  T H  

THE T R U N C A T I O N  RATIO AS T H E  P A R A M E T E R  




